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£*\J ' Abstract. The distributive property can be studied through bilinear maps 

and various morphisms between these maps. The adjoint-morphisms between 
bilinear maps establish a complete abelian category with projectives and ad- 
mits a duality. Thus the adjoint category is not a module category but nev- 
ertheless it is suitably familiar. The universal properties have geometric per- 
spectives. For example, products are orthogonal sums. The bilinear division 
^*—s , maps are the simple bimaps with respect to nondegenerate adjoint-morphisms. 

That formalizes the understanding that the atoms of linear geometries are 
algebraic objects with no zero-divisors. Adjoint-isomorphism coincides with 
principal isotopism; hence, nonassociative division rings can be studied within 
this framework. 



1_ | J ■ This also corrects an error in an earlier pre-print; see Remark l2.11l 

rd 

S: 

1. Introduction 

CN ' We study the distributive property, that is, bimaps (also called biadditive or bi- 

linear maps). As usual, bimaps B : U xV —> W relate abelian groups U, V, and W 
following the relations {u+u')Bv = uBv+u'Bv and uB(v+v') = uBv+uBv', for all 

*yv \ u,u' e [/ and all v, v' e V (further definitions in Section fl.ip . Distributive products 

t^J- ■ abound in algebra, making this property important to understand. Yet, this also 

explains why no one category has emerged for bimaps. For instance, the multipli- 

f*^ ■ cation • : R x R — » R of a ring R is a bimap; but that bimap can be approached as a 

ring with ring homomorphisms, a left (or right) module probed by linear maps, or a 
bilinear forrnj where isometries would be the appropriate transformations. Several 
less obvious (but still useful) morphisms between bimaps generalize homotopisms 
from nonassociative algebra [X] , derivations from Lie theory [J] , crossed- maps from 

r> \ Jordan pairs [L , etc. Thus, the class of bimaps admits not just one category, but 

an ontology (in the Computer Science vocabulary) of multiple categories, functors, 
and some 'nonassociative' categories. 

Here we focus on just three morphism types: homotopisms, adjoint-morphisms, 
and nondegenerate adjoint-morphisms. We name categories after their morphisms 
and not their objects because bimaps admit many incompatible morphisms. 

Albert pQ introduced homotopisms for nonassociative rings but his definitions 
adapt well to all bimaps (Section ll.2[) . Homotopisms generalize ring homomor- 
phisms, linear mappings, and isometries, and so these are perhaps the most used 
morphisms between bimaps. For example, there are several efforts to discover new 
isotopism classes of semifields (nonassociative rings without zero-divisors) and other 
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division bimaps (also called nonsingular bimaps), i.e. D : (7xF-» W with uDv = 
implying u = or v = 0; cf. [Up. 1100 p. 228 & Chapter 16]. 

Adjoint-morphisms (defined in Section [2]) are also common, though usually not 
considered as a category. In many ways, adjoint-morphisms are the simplest mor- 
phisms for bimaps due to the following: their category is complete, co-complete, 
abelian, and has projectives (Theorems 12. 271 fc 12. 31 j) . Adjoint categories also admit 
a duality - the transpose. This implies that despite many similarities, adjoint cat- 
egories are never equivalent to full module categories (Theorem 12.101) . Functorial 
translations between the homotopism and adjoint categories are essential in appli- 
cations. One of the critical relationships is a Galois correspondence set up by tensor 
products ( Theorem I2.8[) . Though that correspondence appears not to have been 
formalized until recently ( [W2[ p. 2654]), it evolved out of a series of old problems 
in Group Theory IBFIBWIW] . 

The final morphism family involves so-called nondegenerate bimaps, which are 
perhaps the most common examples of bimaps. In geometric terms, bimaps B : 
U x V — > W establish the orthogonality operators 

(1.1) X 1 - = {veV : XBv = 0} Y J = {u e U : uBY = 0} 

for X c U and Y c V, and the radicals of B are U 1 - and V T . Nondegenerate 
bimaps have trivial radicals. Notice that the products of unital rings and modules 
are immediately nondegenerate and bilinear forms are usually assumed to be non- 
degenerate or a swift argument reduces them to that case. Adjoint-morphisms are 
classically interpreted as linear maps that relate the orthogonality operators of one 
bimap to another (cf. Lemma |2.3|) . So we are concerned with the operators (_L, T) 
as order-reversing mappings between the submodules (subsets) of U and V (indeed 
they are Galois connections). Here the techniques for forms breakdown substan- 
tially because (_L, T) are not bijections, i.e. they are not dualities. This means 
that geometric tasks, such as decomposing a bimap into pairwise orthogonal sub- 
spaces or determining the isometry group, are no longer trivial observations about 
standard bases (witness the involved arguments in BW W2, Sections 4-6]). So we 
restrict the lattices (and associated adjoint-morphisms) to the _LT and T_L stable 
submodules of U and V respectively, to create a duality. These restricted nonde- 
generate adjoint-morphisms characterize the minimal intervals in the _LT and T_L 
stable sublattices as nondegenerate adjoint- simple bimaps (Proposition I3.3J ). Here 
this geometric interpretation translates to a familiar algebraic property. We show 
that nondegenerate adjoint-simple bimaps are precisely the division bimaps. This 
formalizes the experience that the 'atoms' of coordinatized geometry are algebraic 
objects without zero-divisors (Theorem 13. 13|) . 

1.1. Notation. We use R and S for rings, IPs for left i?-modules, and V's for right 
S'-modules. An (R, S)-bimodule W is a left -R-module and a right S-module where 

r(ws) = (rw)s (Vr ei?,Vwe W, Vs e S). 

We write Uro P for the right i? op -module induced from a left i?-module U and remark 
that the (co- variant) functor rU i— > C/r°p (which is the identity on homomorphisms) 
is an isomorphism ^Mod — > Mod^o P . We economize on parentheses by the convention 
that an i?-linear map /i : U — > U' of left i?-modules is evaluated at u e U by u\i (so 
that for all r e R, and all u e U , rufj, suffices for r(u/i) = (ru)n) and an ^-linear 
map v : V — > V of right S'-modules is expressed by vv, for each v eV. 
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Throughout we assume W = rWs is an (i?, 5')-bimodule. An (R 7 S)-bimap is 
a function B : U x V —> W of a left i?-module U, a right 5-module V, and an 
(R, S')-biniodule W with the distributive-type properties: 

(1.2) (u + u')Bv = uBv + u'Bv, 

(1.3) uB(v + v') = uBv + uBv / (Vu, u' e 17, Vv, i/' e V); 
and the associative-type properties: 

(1.4) (ra)-B-y = r(uBv), uB(vs) = (uBv)s (Vu e U, Vw e V, Vr e ft, Vs e 5). 

Remark 1.5. We generally think this sort of linear algebra should remain coordinate 
free; yet, there is some intuition gained by treating B as if it were a matrix. Indeed, 
if 17 = ft® 1 ™ (as row vectors) and V = S® n (as column vectors) then evaluating B 
on the coordinate bases for U and V specifies an (to x n)-matrix M(B)ij = CiBcj 
with entries in W. Observe uBv = uM(B)v where the right side is ordinary matrix 
multiplication. When U = V we write uM(B)v t . 

We use many basic concepts from modules, categories, and lattices. We refer 
readers to various other well written sources, mostly Anderson- Fuller |AFj . Pareigis 
[B Sections 1.7, 1.11, 4.1], and DP, Chapter 7]. 

1.2. Homotopism category. For bimaps B : U xV — > W and B' : U' x V — > W, 
a homotopism is a triple (<fi, 7; k) e Hornet/, U') x Horns (V, V) x Homfl i s(VF, W), 

(1.6) u(j)C-fv = (uBv) K (Vu e 17, Vw e V). 

As one would expect, these form a category under pointwise composition and this 
homotopism category has kernels (ideals as we shall call them), quotients, and 
appropriate versions of the isomorphism theorems. One of the most important 
ideals of a bimap B : U x V — > W is its radical \[B : V T x U 1 - — * 0. Observe that 
B/\/B is nondegenerate. 

Homotopisms admit various relevant subcategories. For example, if we insist 
U = V then we may restrict to homotopisms {<j>, 7; n) where 4> = 7. If further 
= 7 and K are invertible then we call (</>, 0; /c) a pseudo-isometry. If instead we fix 
W then we often look at so-called principal homotopisms (</>, 7; l\v) and, provided 
also U = V, isometrics are defined as homotopisms of the form (0,0; lw)- These 
also create subcategories. For nonassociative algebras, i.e. bimaps W x W —> W, 
we obtain the usual homomorphisms as homotopisms (0,0; 0). 

As motivation, we close this brief section with two examples of problems that 
appear in homotopism categories but are solved by passing to our next category of 
adjoints. 

First, Baer [B] observed that a group G, whose center Z(G) contains the com- 
mutator G', induces a bimap B : G/Z(G) x G/Z(G) -> G", 

(1.7) (xZ(G))B(Z(G)y) = [x, y] (Vs, y e G). 

Isomorphisms between such groups are mapped to pseudo-isometries and in that 
way the category of pseudo-isometries appears in several works on p-groups; e.g. 
|H2[|W2) . A pressing open problem is to determine Aut G and as a starting point 
it appears necessary to determine the pseudo-autometries of B. This was recently 
solved for bimaps B which are also tensor products [BW2j using the Galois con- 
nection of Section [2~T1 
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A more subtle use of bimaps arose for intersections of classical subgroups of 
Gh{V), which had long been studied as algebraic groups with polynomials derived 
from sets $ = {</?: V x V — > K v } of bilinear and sesquilinear forms, e.g. IBFj . 
As exploited in |BWj . this is a modestly disguised problem of a single bimap: set 
(n*):VxV^@{K v :(pe$}, 

(1.8) {n$)(u,v) = {<p(u,v):<pe$) {\/u,veV). 

Since n vs $ Isom(</>) = Isom(n$), the structure of this intersection was immediately 
extracted from a functorial relationship between the isometry category and the 
adjoint category; for details see [BW . 

2. The category of adjoints 

The adjoint category Adj(W) has arbitrary (R, S')-bimaps B : U x V —> W (so 
only W = rWs is fixed) as objects. Morphisms from B to another (R, S')-bimap 
C : U' x V -> W are pairs (ft, ft) e Rom R (U, U') x Hom^V, V) such that 

(2.1) ufiCv' = uBftv' (Vu e U, W e V). 

Hereafter we optionally express (|2.1[) simply by ftC = Bft, For (R, S')-bimaps B, C, 
and D in Adj(W), we compose (ft, ft) e Adj(-B, C) and (i>, v) e Adj(C, D) by 

(2.2) (ft, ft) (//, ?) = (ftp, i7ft). 

This establishes a category. There is an immediate and essential geometric property 
captured by these morphisms. For a bimap B : U x V — » W and subsets X c J7 
and Y" c y, write A 1 F if ABF = {xBy : x 6 A, y e Y) = 0. 

Lemma 2.3. For all (ft, ft) e Adj(i3, C), (kerft)_L(im/i) anrf (imft)_L(kerft). 

Proof. For all u e kerft, and all v e C, = uftCv = uBjlv. Also, (Bft)C(kerft) = 
(B)Bfl(kei ft) = 0. □ 

2.1. A Galois connection between adjoints and tensors. Since the adjoint 
category fixes the codomain of a bimap it may appear that we will not be speaking 
about tensor products. To the contrary, one critical aspect of the adjoint category 
is that it specifies the 'best' ring for a tensor product. That point (which seems to 
have originated from the study of p-groups |W21 p. 2651 JBW2] ) is missed entirely 
whenever we begin with a diagram of modules over fixed rings. When the interest 
begins with bimaps (rather than modules), the notion of a universal ring with which 
to tensor becomes obvious. 

Given (ft, ft) , (t>, v) e Adj(S, C), the sum (ft + P, ft + v) e Adj(_B, C) and com- 
position in Adj(VK) distributes over this addition (so that Adj(W) is a preadditive 
category). In particular, if B : U x V — > W is an (R, S')-bimap then the adjoint- 
endomorphisms form the ring 

Adj(.B) = {(ft, ft) e End fi t/ x End s V : fiB = Bft}, 

Remark 2.4. Many historic uses of adjoints focus on a single adjoint pair at a time 
(even within Category Theory this is the norm). The uses of an entire adjoint ring 
are largely restricted to bilinear forms. Forms are quite limiting as their adjoint 
rings are simple (when the modules involved have finite chain conditions). By 
contrast, for every field k and k- algebra A there is a fc-bimap B : V x V — > k 3 with 
Adj(.B) ^A [BF2]. 
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For a ring A we say an (R, 5')-bimap B : U x V — > W is A-midlinear (also called 
A-balanced) if U is an (R, j4)-bimodule, V is an (A, 5 , )-bimodule, and 

(2.5) sB = Bs (Vu e U, Vw e V, Vs e A). 

There is a universal A-midlinear (R, S')-bimap for any pair (rUa, aVs), the tensor 
product (x) = (x)^ : #E/a x aVs — » rU <S)a Vs- Universal there means that every 
A-midlinear (R, 5)-bimap onUxV factors through (x). However, instead of drawing 
the usual commutative triangle we draw diagram (|2.6p representing a homotopism 
in anticipation of a later construction. 

(2.6) U A x aV — > W 

M 

TT(B) 

U A x A V-^U®V 

Though we do not need this generality here, it is a simple matter to extend these 
notions to $7-operator groups by insisting instead that U and V are equipped with 
a function <\> : ft — » Endj? U x Ends V. 

Now observe a bimap B is always Adj(-B)-midlinear. Indeed, Adj(-B) is universal 
with that property in the sense that whenever B is A-midlinear then the represen- 
tation of A in End fl , U x Ends V is a subset of Adj(-B). li B : U x V -> W and 
C : U x V — > W are two (i?, 5)-bimaps, write _B ^ C if C factors through _B. 
This establishes a partial ordering on the set of bimaps onU xV and with that we 
arrive at the following simple but extremely helpful realization: for an (R, S')-bimap 
B : U x V — * W and representation cj) : A — > End^ U x Ends V, 

(2.7) ® { A^)±B <=> A(j> c Adj(-B). 
That is to say, 

Theorem 2.8. {[/ ®(_) F, Adj(— )) is a Galois connection ^ [DPl p. 155] J between 
(R, S)-bimaps on U x V and representations in End/j C/ x Ends V ■ 

2.2. Transpose dualities. Arguably the most important functor for the categories 
of adjoint-morphisms is the transpose, t = £(rWs), that sends (R, S')-bimaps B : 
U x V -» W to (S op , i?°P)-bimaps B l : V x U -> W, 

(2.9) vB'u = uBv (Vu eU,Vve V). 

Adjoint-morphisms (7i, j!) are sent to (/2, fi). So the transpose is contra- variant. 
As i(j?T^s)i(s°pW / fl°p) = lAdj(W), the pair (t( R W s ),t(so P W R op)) form a duality 
between Adj(nWs) and Adj(s°pWfl°p)- As a special case, when k = R = S is a 
commutative ring and W is a (one-sided) fc-module treated as a fc-bimodule, the 
transpose is a contra-variant auto-functor of order 2. 
These dualities have an important consequence. 

Theorem 2.10. Adj(M^) is not is not equivalent to a full category of modules, nor 
to the dual of a full category of moduleslQ 

Proof. Module categories are not equivalent to their duals [F] p. 116]. □ 



Indeed, Adj(I4 / ) cannot be a Grothcndicck category since then it would also be a co- 
Grothendieck; in such categories all objects are zero [P] p. 116]. 
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Remark 2.11. Morita initiated the study of R- module subcategories that admit 
dualities |AF1 Section 23|M]- In particular, the dualities can be realized by the 
contra-variant functor Honifl(— , W) on the W -reflexive modules, i.e. the modules 
U for which U = HornR(Homfl([/, W), W). For instance, if R = k is a field and 
W = k then all finite-dimensional k- vector spaces are fc-reflexive. However, Adj(T / K) 
is not equivalent to the subcategory of W^-reflexive i?-modules, even when R = 
k is a field. As mentioned in Remark 12.41 there are fc-bimaps B : U x V — > 
k 3 of finite-dimensional k- vector spaces whose endomorphism rings, Adj(-B), are 
arbitrary finite-dimensional fc-algebras. By contrast, the endomorphism rings of 
finite-dimensional fc-vector spaces are simple fc-algebras. A proposed equivalence 
would be fully faithful and so preserve the endomorphism rings; that is not possible. 
Regrettably, this point was not properly understood in an earlier draft that saw 
some circulation (arXiv:1007.4329vl); specifically, Proposition 3.62 and Theorem 
1.6 were wrong. 

2.3. Forgetful functors, versors, and adjunction to modules. With many 
questions in linear geometry it can help to forget the perpendicularity relations 
and focus instead on the spaces themselves. In a formal context this means we 
introduce the obvious 'forgetful' functors from Adj(M / ) = Adj(ijWs) to #Mod and 
to Mods. One of these two functors is covariant and the other contra- variant and 
the covariant forgetful functor is a right adjoint to a separate functor we call a 
'versor'. If we compose the contra-variant forgetful functor with the transpose 
we get a similar relationship. These adjunctions to module categories allow us to 
explore Adj(W) efficiently. 

For each (R, S)-bimap B : U x V — > W , and each adjoint-morphism (Ji, ft) in 

Adj(Vt / ), define B = U and (fi,ft) = Ji, and also B = V and (jx, ft) = ft. Thus, 
Adj(VK) possess two forgetful functors and the duality in composition requires that 
exactly one of these be co-variant. It is a matter of taste when selecting which 
of these is co- variant: if one prefers left modules then presumably (— ) should be 
viewed as co- variant and (— ) as contra-variant - this is our convention here as 
demonstrated by (|2.2|) . 

Lemma 2.12. Fix (R, S)-bimaps B and C in Adj(H / ) and adjoint-morphisms 
(jj,, ft) and (P, v\ from B to C. 
(i) If Jj. = v then jl = v modulo the right radical of B. So, if B is right nonde- 

generate (B = 0) then fl = v and we say that fi determines ft. 
(ii) If fl = P then fi = v module the left radical of C ' ; so, if C is left nondegenerate 
(C T = 0) then Ji = v and we say that ft determines ft,. 

Proof. Let ft = v. For all u e B and all v' 6 C, uB(fl — v)v' = ufiCv' — uvCv' = 0. 

Hence, (ft — v)C ^ B . The transpose of (i) proves (ii). □ 

There are also some trivial ways to lift a homomorphism from ^Mod, resp. Mods, 
to Adj(VF) that will be used at times below. 

Lemma 2.13. Let B be an (R, S)-bimap, rX an R-module, and Ys an S-module. 

(i) Let (Ji, fl) e Mou\r(X, B) xHoms(-B, Y) with ft is an epimorphism. Then there 
is an (R, S)-bimap A with (jt, ft) e Adj(A, B) if, and only if, (im)u)_LB(ker ft). 

(ii) Let (fi, ft) 6 Homjj(_B, X) xHoms(Y, B) andji an epimorphism. Then there is 
an (R,S)-bimap C where (fi, ft) e Adj(B,C) if, and only if, (ker/i)J_s(im/t). 
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Proof. The forward direction of (i) follows from Lemma \2. 31 Suppose instead that 
ker/7 ^ (imp;)- 1 . We claim that A is well-defined by the formula Afl = fj,B. First, 
as p, is an epimorphism, for every x e X and y &Y there is a v e B, y = flv and 
so xAy = xAjIv = xfiBv] hence, A is defined on X x Y. For the well-definedness, 
take v' e B with flv' = y. Now v' — v = z e ker/3 ^ (imju)- 1 -, therefore, 

xAy = xfiBv' = xfiBv + xfiBz = xfiBv 

Thus the choice of representative for the pre- image of y is not important. 

For (ii) apply the transpose to the result for (i). □ 

Since we fix the codomain W, when we apply the left forgetful functor to a bimap 
B : U x V — > W, we are forgetting the module V along with the 'product' between 
U and V. So the problem becomes: given U = rU and W = rWs, recover an 
S-module U QW and an (R, S")-bimap Q fl : U x (U Q W) -> W through which 
B is uniquely associated. The notation Q suggests we think of this as a 'universal 
division' of U into W: 

(2.14) Vu e U, Vw e W, Vw e V, uBv = w =^> (va B = uQw) a (uctb = w0v). 

There a B : V — » U Q W and cr^ : J7 — > VK V are homomorphisms unique to 
B. This is analogous to how one may think of tensors, that is, every distributive 
'product' (bimap) B : U x V — > VF is the image of a 'universal product': 

(2.15) VueU,VveV,Vw eW, uBv = w => (u® u)tt(S) = tu. 

Now formally, an (i?, 5')-bimap Q = Q^ : U x (J7 ®^ W) — » W^ is a fe/t R-versor 
(respectively a rigfti S-versor = 0s : (W 05 ^xF-) W) if for every (R, S)- 
bimap B : U x V — > W, there is a unique homomorphism ct b : V — > (J7 0^ W) 
(resp. as '■ U —> (W 0s V)) such that corresponding diagram in (J2.16JI commutes. 
These should be compared to our atypical diagram (|2.6jl for the tensor. 



(2.16) 



R 



U x V 



R U xU<SW- 



-+W 



^rW 



U xV S ' 



W0V xV s 



W s 



W s 



As with tensors, the choice of U Qr W (or W 0s V) is unique up to a canonical iso- 
morphism. The existence of versors is confirmed by taking UQrW = Hornet/, W) 
(resp. W 0s V = Horns (V, W)) and defining uQt = ut (resp. t 0v = tv). In 
particular, va B = Bv (resp. oru = uB) and is unique because 0, so defined, is 
right- nondegenerate (resp. is left-nondegenerate) . In what follows we sometimes 
write U <S)r W to represent both the bimap as well as the right ^-module necessary 
to define the left i?-versor, much as we do with tensors. 

Remark 2.17. The associated modules U Qr W = Homs(£/, W) and W 0s V = 
Horns (V, W) have such established histories that new vocabulary and symbols will 
be odious to many. As a modest defense, here we study bimaps and care more for 
the abstraction of 'universal division' than any specific construction implementing 
that property. Thus, we feel an independent nomenclature is reasonably justified. 
For uniformity we harvested a mostly obsolete term 'versor' which appears in some 
of the earliest writings on tensors, e.g. [Hj p. 7], We are not aware of any deep 
connection to the arcane definitions of versors, much like the original intentions for 
tensors are obscured in the modern treatments. 
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As with the tensor, versors induce various functors. We pick out the functors 
that lead to bimaps and adjoint-morphisms. To describe where homomorphisms 
are sent we prove the following 'lifting property'. 

Lemma 2.18. Fix an (R, S)-bimaps B. 

(i) For all R-modules rU , and all a e Hornet/, B), there is a unique (a, a) 6 

Adj(?7 <S> R W, B) with a = a. 
(ii) For all S-modules Vs, and all a e Honis(-B, V), there is a unique (a, a) e 

Adj(B, W 05 V) with a = a. 

Proof. For (i), set a = a and C : U x V — > W to be C = aB. Hence there is a 
unique a c : V — > U Qr W where for all u e U and all v' e V, uaBv = uCv' = 
uQ (a c v'). For (ii), let D = Ba and (a, a) = (an, a). □ 

Remark 2.19. With the suggested choice of : U x Hornet/, W) — * W, uQtt = utt, 
the (left) lifting of a to (a, a) is simply a = a and a = aB. 

For a fixed (R, S')-bimodule W, (-)GrW determines a functor #Mod — » Adj(W) 
sending U to Q : U x (U Q W) — > W and assigning to each p e Homfl([/, [/') the 
unique adjoint-morphism /i Q W = (Ji,p) 6 Adj(l7 Q W, U' W) with p = p 
guaranteed by Lemma fe.lSf i). For v e Hornet/', [/"), 'pv = p~v. As left versors are 
right-nondegenerate it follows that vp = pi>. Thus, 

(/*i/) W = 0, 0) = (]uP, e?/7) = (/'SH / )("8 W) 

which confirms the only material step in proving that (— ) Qr W is a (covariant) 
functor. Meanwhile, W 0s (— ) is a (contra- variant) functor Mods - * Adj(W / ). 

Theorem 2.20. For a fixed (R, S)-bimodule W, the functor (— ) Qr W from #Mod 
to Adj(ijWs) is a left adjoint with the left forgetful functor (— ) its right adjoint. 

Proof. Fix a left i?-modulc U and an (i?, 5')-bimap B into W. Define $c,b : 
Adj([/ Qr W,B) -> Kom R (U,B) by (j;t)$u,b = f. By Lemma EH $cr,B is 
surjective and by Lemma [2.12IT J <&u.b is injective. Now let C be a bimap and U' 
an _R-module. Fix (]&, ft) e Adj(B, C) and p e Hom fl ([/', [/). Let (p, p) = p Gr, W 
(so p = p). For each (t, f) e Adj(C/ fl . W, B), 

(t, f)Hom(p Qij W, (p, p)) ■ $t/',c = (fi, p) (r, f) (j&, p)$u>,C = Wp 



fRom(p,p) = (t,t)$u,b -Hom(p, (p,p)). 



Thus, Hom(pQfl; W, (p, p)) • $u',c = &u,b • Hom(p, [p, p)) so $>jj,b is natural in {/ 
and B. Hence, (— ) Qr W is a left adjoint to (— ). □ 

Corollary 2.21. TTie Ze/£ forgetful functor is continuous (preserves limits). The 
right forgetful functor sends limits to colimits. 

Proof. The first part is true of all right-adjoint functors [Pj p. 91]. The second 
part follows as (— ) is naturally isomorphic to (— )* (via the isomorphism of Mods 
to s°pMod). Observe also that the transpose sends limits to colimits. □ 
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2.4. Adjoints categories are (co-)complete and abelian. There are several 
ways to imagine products, coproducts, equalizers, kernels, cokernels, images, etc. 
for Adj(M / ). To get a head start we use the properties of adjoint functors to 
provide a hint about the construction on purely formal terms. Sometimes these 
clues are enough; however, a purely abstract construction will miss the relevance 
to applications. So we motivate the construction using the geometric aims. 

First we plan a product for Adj(VF) which mimics the perpendicular sum of 1- 
spaces used to decompose classical orthogonal and unitary geometries. The mem- 
bers will be arbitrary modules and not simply 1-spaces. Such decompositions ap- 
pear, for example, in W2 . 

Fix a multiset B of (R, 5')-bimaps into W. As the left forgetful functor is contin- 
uous, it preserves products. Therefore, a hypothetical product QB for B in Adj(W) 

has @B canonically isomorphic to ]~[B where ( \\B : {kb '■ B e B}\ is the usual 
product in _rMocL For the right side we work contra-variantly and so we select 
©6 = \JB where (]J£>, {is : B 6 £>}\ is the usual coproduct in Mods. Combine 

these constructs into an (R, 5)-bimap QB : Y[ B x \J B — > W following the geomet- 
ric goal that for every B e B, B must be perpendicular to every member of B — {B} 
and B should be perpendicular to every member of B — {B}. This is achieved by 
the rule: 

(2.22) u{QB)v = Y, ubBvb 

BeB 

where u = (ub)bgB e Tl^ an d v = (vb)bgb 6 \\B. (This is a finite sum as we 
assume \J B consist of tuples of finite support.) 

Remark 2.23. If we think of bimaps B and C into W temporarily as matrices 
with entries in W (cf . Remark 11.51) , then B © C is represented by the matrix 

Now fix an (R, 5)-bimap C and a function B — » Adj(C,B), B h- > Gub,/Zb)- For 
each BeB, this give the commutative diagrams in (J2.24I) . 



(2-24) H^ " "S and JJZ?" B 





M \ / » 

C C. 

For each B e B, (ir B , ib) e Adj(©B,B), (]5,/2) e Adj(C,©B), and (%ft)(TT B ,tB) = 
(a^BiMs)- So © is a categorical product. The transpose produces a coproduct 
QB = (©(23*))' : \\B x F],8 — > W. We also recognize that the finite products and 
coproducts in Adj(VF) are isomorphic. 

Theorem 2.25. Adj(VF) is an additive category. 

Proof. We introduced Adj(W) as a pre-additive category. The zero for Adj(W) is 
: x — > W. The existence of products and coproducts (that are isomorphic 
when finite) completes the proof. □ 



J We resist writing this product with © since the product in the category of homotopisms on 
bimaps has a superseding requirement that B : U x V — > W and C : X x Y — > Z have a product 
B®C:{U®X) x (V®Y)^{W®X). 
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We appeal once more to Theorem 12.201 to give the components of an equalizer 
and finish off the definition with a geometric observations. 

Because Adj(JU) is additive, a hypothetical equalizer of a pair ui,j2), (v,v) e 
Adj (B,C) is the kernel of (r,r) = (Ti,fi) — (^i^) 6 Adj (B,C). So we actually 
construct kernels for arbitrary adjoint-morphisms (r, r) . Using continuity of the 
left forgetful functor, a proposed kernel ker (r, r) = (D, (i, 7r)) could take the form 
D : kerr x (C/imf) — » W and t : kerr — > B and it : B — > (B/imf) are the 
associated kernels and cokernels of modules. Define D by the restriction of B: 

(2.26) uD(vir) = uD(iu\f + v) = uBv = ulBv (Vm e kerr, Vw 6 B). 

However, one should pause to understand that this is well-defined - a fact that 
follows instantly from the well used geometric property of adjoints: kernels are 
perpendicular to images (Lemma 12. 3|) . 

Having completed some universal constructions we could stop here and declare 
that other interesting constructions follow similarly. A less dubious alternative uses 
the ingredients here to show Adj(IU) is closed to all limits (products, kernels, pull- 
backs, images, etc.) and (by the transpose) also to colimits (coproducts, cokernels, 
pushouts, coimages, etc.). So we prove: 

Theorem 2.27. Adj(JU) is complete and cocomplete abelian category. 

Proof of Theorem \2.27\ Since Adj(VU) has arbitrary (co-)products and (co-)equalizers 
it is a (co-)complete category [Pj p. 85]. As Adj(IU) is additive (Theorem 12. 25j) 
and has kernels and cokernels, it remains only to show that every monomorphism 
(jj,, ft) e Adj (B,C) is kernel and every epimorphism is a cokernel. From the con- 
struction above we notice a monomorphism is the kernel of its cokernel and the 
transpose completes the proof. □ 

2.5. Projective bimaps. We end our brief list of properties for Adj(W / ) by de- 
scribing projectives. In particular it is possible to define (co-)homology for bimaps. 
Thus far the constructions in Adj(W) took the sensible route of pairing up a well- 
known construction in the left with its dual in the right. This is impossible for 
projectives as demonstrated by the next example. 

Example 2.28. If P is a finitely generated projective abelian group, Q is a finitely 
generated infective abelian group, W is a torsion group, and B : P x Q — » W is a 
TL-bimap, then B is everywhere zero. 

Proof. As P and Q are finitely generated, P is free and Q is divisible. Hence, B 
factors through P x Q -+ (P (x) Q) ^ Q m . The homomorphism ir(B) : Q m -► W 
must be trivial as Q m is divisible and W is a torsion module. □ 

Since projectives are not limits (or colimits) , the continuity of the forgetful func- 
tors is not applicable as it was above. In this way, Example 12.281 does not prevent 
the development of projectives, though it does change the approach. Ultimately 
projective bimaps in Adj(VU) are obtained through versors, but that construction 
has the benefit of hindsight. Indeed, the abstraction of versors grew out of the 
characterization of projective bimaps as evident in Theorem 12.311 To prove that 
theorem we first characterize monomorphisms and epimorphisms in Adj(IU). 

Lemma 2.29. Let (fi, ft\ be an adjoint-morphism. The following hold, 
(i) (p,, /2) is monic if, and only if, fi is monic and fl is epic. 
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(ii) (P, p) is epic if, and only if, p is epic and ft is monic. 
(Hi) (p, fu is an adjoint-isomorphism if, and only if, p and p are isomorphisms. 

Proof. Consider (i) in the forward direction. Let (p, p) e Adj(P, C) be monic. 

Let U be an arbitrary left P-module and v, tt e Hornet/, B) such that vp = 
7T/i. By Lemma [2.181 there are (P, v), Ofr, 7?) e Adj(C/ Qr W,B) with v = P and 
7r = 7r. Since Vp = TTp and U <S>r W is right nondegenerate, by Lemma 12.12( 1). 
(P/i, pv) = (Wp, p/it) and so (P, v) (p, p) = (jt, tt) (jj,, p) . By assumption (p, p) is 
monic so (P, Pj = (tt, ff) and so P = tt. Therefore, up = irp implies v = tt and so ji 
is monic. 

To show jl is epic, suppose V is a right 5-module and V, tt e Hom/?(.B, V) such 
that /2i? = jItt. Let ^4 be the trivial bimap Oxl / -»H'. For all y e B, OBy = = 
OAuy = OAny; so, (0, V), (0, 7?) e Adj(A, B). Now (0, V) (p,, jl) = (0, jlv) = (0, jUr) = 
(0, 7?) (/i, p) . As (/i, /I) is monic, (0, v) = (0, 7?); so, v = tt and /2 is epic. 

For the converse, we know jj, and jl have dual cancellation properties and so 
ill, p) has the cancellation property of p, i.e. (P,p) is monic. This prove (i). 

Part (ii) follows from the transpose applied to (i) and (i) and (ii) imply (hi) . □ 

We encountered the categorical product in Adj(VF) as a bimap which is a module 
product on the left and a module coproduct on the right. However, bimaps offer the 
flexibility of using universal constructions on just one side. The left semi-product 
of bimaps B and C where B = C is [B, C] : B x (B © C) -> W with 

(2.30) u[B,C](v®v') =uBv + uCv' (V!ieB,V«eB,Vw'eC). 



for 



Intuitively we think of [B, C] as a partitioned matrix. The meaning of 

bimaps B and C with B = C is similarly understood. 

Theorem 2.31. If P is a projective in KA](W), then P is a projective R-module 
and P — * Hom^(P, W) given by y 1— > Py is an epimorphism. 

Proof. Let p e Hom^([/, [/') be an epimorphism and v e Hom/^(P, U'). Take 
B : U x — > W and C : U' x — » W (which are both everywhere) and notice 
(p, 0) e Adj(S,C) is an epimorphism and (P, 0) e Adj(P, C). As P is projective 
there is a (r, f) e AdUP, B) such that (t, f) (p, 0) = (P, 0). Thus, rp = P and so P 
is projective in ^Modo Now concentrate on the second claim. 

We treat tt e Homfl(P, W) as an (R, S')-bimap P x S — > M^ where (x, s) >-> a;7rs. 
It follows that (/i, /2) = (x h-» x, y 1— > y © 0) is an epimorphism [P, 7t] — > P. As P 
is projective, the epimorphism (p, p) splits and so there exists a monomorphism 
(P, V) e Adj(P, [P, 7i"]) such that (P, £?) (]u, p) = lp. As /i = 1, so does P. Also, 
(jjl,P)(v,v) = (e,e) = (l,e) is an idempotent endomorphism of [P, 7r], and so is 
(l-e,l-e) = (0,1 -e). Asker(l-e) =P©0andP©S" = ker(l - e) ©im(l - e), 
there is a y^ 6 P such that y n © (—1) e im(l — e). Also, ker(l — e) = P is [P, 7r]- 
perpendicular to im(l — e) and so 

= x[P, 7r](y w © (-1)) = xPy, - xtt (Vi 6 P). 

Therefore xPy^ = xtt, for all x e P. As 7r is arbitrary this says that for each 
7r e Hom7?(P, W), there is a. y^ e P such that Py w = tt. □ 



Note that construction cannot be modified to show P is injective in Modg. 
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Corollary 2.32. If P is projective in Ad](W) then there is a unique monomor- 
phism ("Z, l) : P ®W c —> P with^i the identity. 

Following Corollary 12.321 we are satisfied to describe projectives as essentially 
versors. This is the final point to verify. 

Theorem 2.33. If P is projective in ijMod then PQr W is projective in Adj(M^). 

Proof. Let (Ji, jf) e Adj (P,C) be an epimorphism and (P, v) e Adj(P Q W, C). 
As P is projective and fi is an epimorphism, there is f e Hom# (P,B) such that 
fjj, = v. By Lemma [2.181 there is a unique (t,t) e Adj(P (\) W,B) extending r. 
Now (t,t}(jx, ft) = (f/2, fir) = (v,jJt). As PQW is right nondegenerate, fir = v 
(Lemma 12. 12f i)). Thus, (f, r) \Ji, ft) = \p,v) proving that PQW is projective. D 

Remark 2.34. An abelian category is said to have enough projectives if every ob- 
ject is the epimorphic image of a projective. As module categories have enough 
projectives, for every bimap B into W there is a projective P and an epimorphism 
fi : P — » B which extends uniquely to (jj,,ft) e Adj(PQ^ W, B). However, (jl,fJ) 
need not be epic as ft might not be monic. For example, if B : x V — > W 
and ^#0, then Adj(P Qr W,B) =0 for all R- modules P (so no element is an 
epimorphism) . 

3. Nondegenerate bimaps 

In this section we focus on nondegenerate bimaps and nondegenerate adjoint- 
morphisms. These do not form a subcategory of Adj(W) (under any choice of W # 
0) but are nevertheless quite robust. For example, products, kernels, images, and 
their duals remain nondegenerate when we start with nondegenerate bimaps and 
nondegenerate adjoint-morphisms. Unexpectedly, division maps are precisely the 
simple objects with respect to nondegenerate adjoint-morphisms (Theorem 13. 13|) . 

Recall form Section IT721 that for every bimap B in Adj(W), we may treat the 
radical of B as an ideal \[B : V T x C/ x — » in the homotopism category and so we 
can pass to a nondegenerate bimap B^ = (B/\/B) : U/V T x V/U 1 - — » W where 

(u + V T )(B^)(U ± +v) = uBv, (Vu e U, Vv e V). 

Furthermore, for (Ji,fl) e Adj(P,C), define 

(fi,fiy = (P/V^:/?/V^) e Hom R (B/B T ,C/C T ) x Hom s (C/C^P/p/). 

The full subcategory Adj(PF) of nondegenerate bimaps is a reflexive additive subcat- 
egory, but it is not an abelian subcategory as the following example demonstrates. 

Example 3.1. If K is a proper field extension of a field k, then set C : K x k — » K 
to be xCa = xa, for all x e K and all a e k. Also define B : K x K —> K so 
that xBy = xy, for all x, y 6 K . There is an adjoint- epimorphism (1, t : k <— > K) e 
Adj(P, C) whose kernel is the restriction of B to the degenerate bimap OxK/k — > K 
(where here K jk denotes the quotient as additive groups). 

3.1. Nondegenerate adjoint-morphisms. Kernels of adjoint morphisms between 
two nondegenerate bimaps can be degenerate (Example 13. 1|) . Hence, we restrict 
adjoint-morphisms to those whose kernels and cokernels are nondegenerate as well. 
We call these nondegenerate adjoint-morphisms. 
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Lemma 3.2. Let (%p) e Adj(B,C). 

X 1 - nlmjl = p,{{Xfi) x ) (VIcJj), 

F T niniM = (fiY) T Ji (W c Q). 

Indeed, if B is right-nondegenerate and C is left-nondegenerate then (imfi) 1 - = ker/2 
and (im/2) T = ker/i. 

Proof. First, fl^Xfi^) = p{v' e C : = (Aii)CV} = {/&' : v' e C, = XBfLv'} = 

X 1 - n im/2. If _B is right-nondegenerate, then = 23 n im/2 = /^((im/i)- 1 -); thus, 
(im/2)- 1 - ^ ker/2. By Lemma \2. 31 ker/x ^ im0i) . The rest follows similarly. □ 

Proposition 3.3. Let B and C be nondegenerate bimaps in Adj(IF). For (ft, p) e 
Adj(B,C) the following are equivalent. 

(i) (ker/i) x = im/2, and (ker/2) T = im/i. 
(ii) (ker/i) x ^ im/2, and (ker/2) T ^ im/i. 
(Mi) ker/i = (ker/x)- LT , im/x = (im/ji)- LT , ker/2 = (ker/2) TJ -, and im/2 = (imp,) 11 - . 

Proof. Evidently (i) implies (ii). By Lemma 12.31 (ii) implies (i). 

Suppose (i). By Lemma l3~2l (im/2) ±T = (ker/2) T = im/i; thus also (ker/2) T± = 
(im/2) = ker/2. The rest follow similarly so that (i) implies (hi). 

Suppose (hi). By Lemma 13.21 (ker/2) T = (im/2)- LT = im/i. Similarly, (ker/2)- 1 - = 
im/2. Hence, (hi) implies (i). □ 

We say (ft, /2) is nondegenerate if it satisfies any of the properties in Proposition 
The following short-cuts can also help in proving nondegeneracy of adjoint- 
morphisms. 

Proposition 3.4. For bimaps B and C, (fi, p) e Adj(B,C) is nondegenerate if: 

(i) (fi, /2) is monic, B is right-nondegenerate, C is nondegenerate, and (ker/2) T ^ 

im/2. 
(ii) (fi, p) is epic, B is nondegenerate, C is left-nondegenerate, and (ker/i)- 1 - sj 

im/2. 
(Hi) (jjl, /2) is an isomorphism, B is right-nondegenerate and C is left-nondegenerate. 

Proof. For (i), as (ft, p) is monic, ker/i = 0, im/2 = B, and (ker]ti) = im/2. By 
Lemm.a r2.12H m). B T p ^ C T . As p is monic and C is nondegenerate, it follows that 
(B) T = so that B is left-nondegenerate. As B is also right-nondegenerate, B is 
nondegenerate. By Proposition l3~37 ii). (/2, /2) is nondegenerate. 

Part (ii) follows the transpose of (i) and part (hi) follows from (i) and (ii). □ 

Once we have a nondegenerate adjoint-morphism we can focus on a single com- 
ponent of the pair, for example. 

Proposition 3.5. If (ft, p) £ Adj (B,C) is nondegenerate then p is a monomor- 
phism, epimorphism, or isomorphism, if, and only if, p is an epimorphism, monomor- 
phism, or isomorphism, respectively. 

Proof. If /2 is monic then B = 0- 1 = (ker/i)- 1 - = im/2; so fl is epic. Next, if /2 is epic 
then C = im/i = (ker/2) T . As C is nondegenerate, this forces ker/2 = 0. The rest 
follows by application of the transpose. □ 
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Following Lemma [231 we understood that the orthogonality relations induced by 
a bimap B : U xV — > W can be studied through adjoint-morphisms. The operators 
(_L, T) form a Galois connection (here our definitions use the order-reversing form) 
from the lattice of subsets (submodules) of U to the lattice of subsets (submodules) 
of V; cf. [DPI p. 155]. We will need the following observation. 

Theorem 3.6. Let B be a bimap. The map X >—> X 1 - is a complete lattice anti- 
isomorphism from the T '_L- stable submodules of U to the 1ST -stable submodules of 
V (the inverse is Y <—> Y ). In particular, for all sets X of submodules of U , 

(rwMs^r- 

Proof. This follows from interpreting |DP1 Proposition 7.31] in our context. □ 

3.2. The ersatz-category of nondegenerate bimaps. First we show that the 
composition of nondegenerate adjoint-morphisms can be degenerate, Example 13.71 
Hence, we describe the results within an ersatz-category Adj"^(W), that is, the 
collection of nondegenerate bimaps and nondegenerate adjoint-morphisms, which 
despite not begin closed to all compositions behaves as a category wherever compo- 
sition is defined. Hence we limp along with weaker properties that apply in critical 
cases. 

Example 3.7. Let k be a field, V = k n for some integer n ^ 3, and {x,y} Q V a 
k-linearly independent subset of size 2. Define W = V a V , A : kx x V/kx — > W , 
B:V xV ->W, andC : V/ky x ky ^ W by 

uA(kx + v) = u a v (Vu e kx, \/v e V), 

uBv = u a v (Vu, v e V), and 

(u + ky)Cv = u a v (Vw, e V, Vw 6 ky). 

It follows that {la '■ kx *— »■ V,tta '■ V —» V/kx) e Adj(v4, B) is a nondegenerate 
monomorphism and (ttc '■ V -^ V/ky, ic '■ ky <—* V) 6 Adj(B, C) is a nondegenerate 
epimorphism. However, (la,^a)(^Ct L c) * s degenerate. 

Remark 3.8. We caution that it is often possible that a universal construction 
leads to a nondegenerate bimap but where the associated adjoint-morphisms are 
degenerate. So when we speak of a nondegenerate universal property we mean for 
both the bimaps and the adjoint-morphisms to be nondegenerate. 

In light of Example 13. 71 it is critical to show that a some important composites of 
nondegenerate adjoint-morphisms are nondegenerate. The following technical rule 
will be useful in that effort. 

Theorem 3.9. Let (ti, jpj e Adj(A, B) and {y : v) 6 Adj(_B, C) be nondegenerate. 
It follows that (ti, [1\ (v, v) is nondegenerate if, and only if, 

(imfj, + kerP) P^im/iP, /2(im v + ker jT) ^vcavfl. 

Indeed equality can also be used in place of inequalities. 
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Proof. As kerp, ^ kerpp, (kerpp) x ^ (kerp)- 1 - = im/2. By Lemma 13.21 and Theo- 



rem 

(kerpp) = (kerpp) n im/2 = /I((ker/}P)/}) 

= Z7((kerP n imp;) 1 ) = /2(((kerP) x + (imp,) 1 ) 1 "- 1 ) 
= /2((im P + ker/2) ). 

By the transpose, (kerP/2) T = (imp; + kerj>)- LT P. By Proposition 13. 3[ (p, ft) (P, P) 
is nondegenerate if, and only if, 

imp,P ^ (kerP/2) = (im/2 + kerP) P; and 

imP/2^ (kerpp) = /2( (imp + ker/2) ). 

D 

Corollary 3.10. Let (jj,,fi) s Adj(A, B) and (P, P) e Adj(S,C) &e nondegenerate. 
If (P.,/1) is epic or (P, P) is monic then (p,/2)(P,P) is nondegenerate. 

Proof. If (Ti, ft\ is epic then imp = _B and ker/2 = 0; hence, 
(imp + kerP) P = (imp) P = imp,P; 
/2(im P + ker P) = /2(im P) = im P/2. 

By Theorem 13.91 (p,, /2) (P, P) is nondegenerate. □ 

We now have the tools required to show Adj^(T^) is closed to many of the 
familiar universal constructions such as kernels, images, and their duals. Though 
products are not always nondegenerate (their associated adjoint-morphism need 
not be nondegenerate) often these are nondegenerate. 

Proposition 3.11. The kernel and cokernel of a nondegenerate adjoint-morphism 
are nondegenerate. 

Proof. Let (jj,, jl) e Adj (B,C) be nondegenerate. Take coker/2 = B/imjl and 
A = ker (p, ftj : kerp, x coker/2 — » W. Now 

(kerp) = {im/2 + v e coker/2 : (ker jl)A(imjl + v) = 0} 
= {im/2 + v e coker/2 : (kci fi)Bv = 0} 
= (kerp) /im/2 = 0, 



where the last equality follows by Proposition ^. 31 Hence, A is right-nondegenerate. 
Furthermore, (i : kerp °-> B,ir : B -» coker/2) e Adj(^4,-B) and is monic. By Prop- 
osition [X31 (ker7r) T = (im/2) T = (kerp,) ±T = kerp, = imt. So by Proposition 
I3.4f ik (i,7r) is nondegenerate; thus, kernels (and their implied inclusion maps) are 
nondegenerate. Cokernels follow by application of the transpose. □ 

Proposition 3.12. Let C be a nondegenerate bimap, B be a multiset of nonde- 
generate bimaps into W, and {(p,/2) e Adj (C,B) : B e B} a B-indexed set of 
nondegenerate adjoint-morphisms. Take (©23, { (jr, ff) „ : B e 23}) as the product in 
Adj(W) and (p,/2) e Adj(C, ©23) with, for all B e 23, (p,, ff) (jt , 7?) = (jl,ftj. 

(i) ©23 is nondegenerate and, for all B e 23, (7r,7?) is nondegenerate. 
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(ii) (/}, ft) is nondegenerate if, and only if, im/i (equivalently ^]{im /ib : B e B}) 

is T L- stable in C . 
(in) If there is a B e B such that (ft, ft) is monic, then (ft, ft) is nondegenerate. 



■ _L 



Proof For (i), observe that (©B) = Y\{B : B e B) = and similarly ®B is also 
left-nondegenerate. For each B e B, put (tt, t?) b = (kb^b) so that 



(ker^) x = (JJ(B-{B})Y = Bl b . 



As _B is nondegenerate and (ttb,i-b) is epic, by Proposition 13. 4f ii). (jr, if) B is non- 
degenerate. 

Next we show (ii). For each B e B, put (/i B , /Ub) = (/}, ft) „. Now (kei Pb)(-bP> = 
(ker /ib)/1b = so that (ker/2 B )ts ^ kcr/2. Hence, ]J{ker/I B : 5 e 6j ^ ker/2 and 

(ker^) T sC Qj{kBr/? B : B e B}) T = []{(ker/i B ) T : b e B} 

= T\{imfi B : 6 e £>} = im/i. 

By Proposition 13. 3[ to show that (jl, ft) is nondegenerate it remains to show that 
(kcrfi) 1 - ^ im/2. By Theorem 13. 6[ 

(ker^ = (f){kerfi B : B e B}^ = (j]{imfl B : B 6 £}) T± = (im/i) ±T . 

Therefore, it is necessary and sufficient to show im/i is T_L-stable. 

(hi) follows from (ii) and Corollary 13. 101 □ 

3.3. Division maps. We hnish our treatment of nondegenerate bimaps by demon- 
strating how division maps play the part of "simple" nondegenerate bimaps with 
respect to adjoint-morphisms. Say that a bimap B is nondegenerate- simple if B 
is nonzero and every nondegenerate adjoint-morphism from B is either zero or a 
monomorphism . 

Theorem 3.13. The nondegenerate- simple bimaps are division maps. 

Proof. Suppose that B is nondegenerate-simple. Let u e B and v e B such that 
uBv = 0. Dchne the bimap C : B/u- LT x u 1 - — » W such that 

(3.14) (x + u ±T )Cy = xBy (Vx £ B, Vy e w- 1 ). 

Note C is well-defined. Take (ir : B -» B/u ±T , l : u 1 ^> B) which is an adjoint- 
epimorphism from B to C. As B is nondegenerate and C J = u ±J /u ±J = 0, C is 
also left-nondegenerate. Now (ker7r) x = u ±T± = u x = imt. By Proposition ^. 4f ii). 
(tt, t) is nondegenerate. As B is nondegenerate-simple, (n, i) is zero or monic. If it 
is zero then v e u 1 = so that u = 0. If (tt, l) is monic then u e u -11 " = so that 
u = 0. In every case, if U-Bv = then u = or v = so that 5 is a division map. 
Next suppose that B is a division map. Let (%, j£) : B — > C be an a non- 
degenerate adjoint-morphism. As (ker £t).B (im/2) = and 5 is a division map, 
either ker/i = or im/2 = 0. Now invoke Proposition 13.31 if kevfj, = then 
im/i = (kerft,)- 1 = B so that ju is monic and /2 is epic, that is, (Xl, ft) is monic; 

otherwise, im/i = so ker/2 = (im/2) T = _B and \u,fl\ = (0,0). As (ft, ft) was 
arbitrary, B is nondegenerate-simple. □ 
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4. Division algebras up to isotopism 

An isotopism ((f), 7; k) = (<f)K • ,7« ■ ; 1)(k, «;; n) is a product of an isomorphism 
and a principal isotopism. Also, ((/)k _1 , k7 _1 ) is an adjoint-isomorphism. In fact: 

Corollary 4.1. for a commutative ring k, the principal isotopism classes of divi- 
sion k-algebras on W is in bijection with the class of nondegenerate- simple bimaps 
B : W x W — » W up to adjoint-isomorphism. 
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